Abstract. We investigate the moduli space of sheaves supported on space curves of degree 4 and having Euler characteristic 1. We give an elementary proof of the fact that this moduli space consists of three irreducible components.
Introduction and preliminaries
Let M P n (rm + χ) be the moduli space of Gieseker semi-stable sheaves on the complex projective space P n having Hilbert polynomial P (m) = rm + χ. Le Potier [11] showed that M P 2 (rm + χ) is irreducible and, if r and χ are coprime, is smooth. For low multiplicity the homology of M P 2 (rm + χ) has been studied in [4, 3] , by the wall-crossing method, and in [6, 13, 14] by the Bia lynicki-Birula method. When n > 2 the moduli space is no longer irreducible. Thus, according to [8] , M P 3 (3m+1) has two irreducible components meeting transversally. The focus of this paper is the moduli space M = M P 3 (4m+1) of stable sheaves on P 3 with Hilbert polynomial 4m + 1. This has already been investigated in [5] using wall-crossing, by relating M to Hilb P 3 (4m + 1). The main result of [5] states that M consists of three irreducible components, denoted R, E, P, of dimension 16, 17, respectively, 20. The generic sheaves in R are structure sheaves of rational quartic curves. The generic sheaves in E are of the form O E (P ), where E is an elliptic quartic curve and P is a point on E. The third irreducible component parametrizes the planar sheaves.
The purpose of this paper is to reprove the decomposition of M into irreducible components without using the wall-crossing method, see Theorem 4.3. We achieve this as follows. Using the decomposition of Hilb P 3 (4m + 1) into irreducible components, found in [2] , we show that the subset of M of sheaves generated by a global section is irreducible, see Proposition 2.4. This provides our first irreducible component. We then describe the sheaves having support an elliptic quartic curve, see Section 3. To show that the set of such sheaves F is irreducible we use results from [17] regarding the geometry of Hilb P 3 (4m). Given F , we construct at Proposition 4.2 a variety W together with a map σ : W → Γ, the support map, where Γ ⊂ Hilb P 3 (4m) is an irreducible quasi-projective curve, such that F ∈ σ −1 (x) for a point x ∈ Γ and such that Γ \ {x} consists only of smooth curves. Moreover, the fibers of σ are irreducible, hence W is irreducible, and hence F is contained in the closure of the set of sheaves with support smooth elliptic curves. Thus we obtain the second irreducible component. The set P of planar sheaves is irreducible because it is a bundle over the Grassmannian of planes in P 3 with fiber M P 2 (4m + 1), which is, as mentioned above, irreducible.
We also rely on the cohomological classification of sheaves in M found at [5, Theorem 6 .1], which does not use the wall-crossing method (it uses the Beilinson spectral sequence). We fix a 4-dimensional vector space V over C and we identify P 3 with P(V ). We fix a basis {X, Y, Z, W } of V * . We quote below [5, Theorem 6.1]: Theorem 1.1. Let F give a point in M P 3 (4m + 1). Then F satisfies one of the following cohomological conditions:
Let M 0 , M 1 , M 2 ⊂ M be the subsets of sheaves satisfying conditions (i), (ii), respectively, (iii). We will call them strata. Clearly, M 0 is open, M 1 is locally closed and M 2 is closed. We also quote the classification of the sheaves in each stratum in terms of locally free resolutions, which was carried out at [5, Theorem 6.1]. The sheaves in M 0 are precisely the sheaves having a resolution of the form
where l 1 , l 2 , l 3 are linearly independent. Let R, E ⊂ M 0 be the subsets of sheaves having resolution (1), respectively, (2). Clearly, R is an open subset of M and consists of structure sheaves of rational quartic curves. The set E contains all extensions of C P by O E , where E is an elliptic quartic curve and P is a point on E. The sheaves in M 1 are precisely the sheaves having a resolution of the form (i) F is the structure sheaf of a curve of type (1, 3) ; (ii) F is the structure sheaf of a curve of type (3, 1); (iii) F is a non-split extension 0 → O E → F → C P → 0 for a curve E in P 1 × P 1 of type (2, 2) and a point P ∈ E. Such an extension is unique up to isomorphism and satisfies the condition H 1 (F ) = 0.
Thus, M P 1 ×P 1 (4m+1) has three connected components. Two of these,
and P(H 0 (O(3, 1))), are isomorphic to P 7 . The third one is smooth, has dimension 9, and is isomorphic to the universal elliptic curve in
. The sheaves at (iii) are precisely the sheaves having a resolution of the form
The following well-known lemma provides one of our main technical tools. 
then the above exact sequence takes the form
(5) 0 −→ Ext 1 OY (F , G) −→ Ext 1 OX (F , G) −→ Hom OY (F ⊗ OX I Y , G) −→ Ext 2 OY (F , G) −→ Ext 2 OX (F , G).
Sheaves supported on rational quartic curves
Let R 0 ⊂ R be the set of isomorphism classes of structure sheaves O R of curves R ⊂ S of type (1, 3) or (3, 1) on smooth quadrics S ⊂ P 3 . A curve of type (1, 3) on S can be deformed inside P 3 to a curve of type (3, 1) , hence R 0 is irreducible of dimension 16. Let E 0 ⊂ E be the set of isomorphism classes of non-split extensions of C P by O E for E ⊂ S a curve of type (2, 2) on a smooth quadric S ⊂ P 3 and P a closed point on E. From (5) and Proposition 1.2 (iii) we have the exact sequence
We denote by O E (P ) the unique non-split extension of C P by O E . Clearly, E 0 is irreducible of dimension 17. Let E free ⊂ E 0 denote the open subset of sheaves that are locally free on their schematic support, which is equivalent to saying that P ∈ reg(E). Let P ⊂ M P 3 (4m + 1) be the closed set of planar sheaves. It has dimension 20. Let P free ⊂ P be the open subset of sheaves that are locally free on their support. According to [10] , P \ P free has codimension 2 in P. Proof. Let F = O R give a point in R 0 , where R ⊂ S is a curve of, say, type (1, 3) . From Serre duality we have
From the exact sequence (5) we get the relation
This shows that R 0 is an irreducible component of M and that R 0 is smooth. Consider next F = O E (P ) giving a point in E 0 . As above, we have the relation F (2, 2) ). Assume, in addition, that F is locally free on E. Its rank must be 1 because E is a curve of multiplicity 4. Thus
. This shows that E 0 is an irreducible component of M and that E free is smooth.
Assume now that F is supported on a planar quartic curve C ⊂ H. Using Serre duality and (5) we get the relation
Assume, in addition, that F is locally free on C, so a line bundle. Thus
. This shows that P is an irreducible component of M and that P free is smooth.
Remark 2.2. Let F be a one-dimensional sheaf on P 3 without zero-dimensional torsion. Let F ′ be a planar subsheaf such that F /F ′ has dimension zero. Then F is planar. Indeed, say that F ′ is an O H -module for a plane H ⊂ P 3 . From (4) we have the exact sequence
The group on the right vanishes because T or
Proposition 2.3. The non-planar sheaves in M P 3 (4m + 1) having resolution (3) are precisely the non-split extensions of the form
where C is a planar cubic curve and L is a line meeting C with multiplicity 1.
The set R consists precisely of the sheaves generated by a global section. The set E consists precisely of the sheaves F such that H 0 (F ) generates a subsheaf with Hilbert polynomial 4m.
Proof. Let ϕ be a morphism as at (3). Denote G = Coker(ϕ 11 ) and let H ⊂ P 3 be the plane given by the equation ϕ 22 = 0. From the snake lemma we have the exact
We examine first the case when
Thus we may write
If l 4 is a multiple of X, then P G = 3 (see the proof of [5, Theorem 6.1(iii)]), hence, by Remark 2.2, F is planar. Assume now that l 4 is not a multiple of X and let L ⊂ P 3 be the line given by the equations X = 0, l 4 = 0. Then G is a proper quotient sheaf of O L (−1), hence it has support of dimension zero, and hence, by Remark 2.2, F is planar. It remains to examine the case when
Let P be the point given by the ideal (u 1 , u 2 , u 3 ) and let L be the line given by the equations v 3 = 0, v 4 = 0. We have an exact sequence
If the first morphism is not injective, then G has dimension zero, hence F is planar.
and is generated by a global section. Thus E is the structure sheaf of a cubic curve C ⊂ H. If L ⊂ H, then from (5) we would have the exact sequence
The group on the right vanishes because O C is stable. We deduce that F lies in Ext
Thus far we have showed that if F is non-planar and has resolution (3), then F is an extension as in the proposition. Conversely, given a non-split extension (6), then F is semi-stable, because O C and O L are stable. In view of Theorem 1.1, since F is non-planar, we have h 0 (F ) = 1. Thus H 0 (F ) generates O C . It follows that F cannot have resolutions (1) or (2), otherwise H 0 (F ) would generate F or would generate a subsheaf with Hilbert polynomial 4m. We conclude that F has resolution (3).
The rest of the proposition follows from Theorem 1.1 and from the fact, proved in [7] , that for a planar sheaf F having resolution (3), the space of global sections generates a subsheaf with Hilbert polynomial 4m − 2 or it generates the structure sheaf of a cubic curve.
Proposition 2.4. The set R of sheaves in M P 3 (4m + 1) generated by a global section is irreducible.
Proof. Let Hilb
be the open subset of semi-stable quotients. The image of the canonical map
is R. According to [2, Theorem 4.9], Hilb P 3 (4m + 1) has four irreducible components, denoted H 1 , H 2 , H 3 , H 4 . The generic point in H 1 is a rational quartic curve. The generic curve in H 2 is the disjoint union of a planar cubic and a line. The generic member of H 3 is the disjoint union of a point and an elliptic quartic curve. The generic member of H 4 is the disjoint union of a planar quartic curve and three distinct points. Thus, H 2 ∪ H 3 ∪ H 4 lies in the closed subset
According to Theorem 1.1, H s = ∅. Indeed, any sheaf in M 2 cannot be generated by a single global section. Thus, Hilb P 3 (4m + 1)
s is an open subset of H 1 , hence it is irreducible, and hence R is irreducible.
Sheaves supported on elliptic quartic curves
We will next examine the sheaves F having resolution (2) . Let P be the point given by the ideal (l 1 , l 2 , l 3 ). Notice that the subsheaf of F generated by H 0 (F ) is the kernel of the canonical map F → C P . This shows that F is non-planar because, according to [7] , the global sections of a sheaf in M P 2 (4m + 1) whose first cohomology vanishes generate a subsheaf with Hilbert polynomial 4m − 2 or the structure sheaf of a planar cubic curve, which is not the case here. We consider first the case when q 4 and q 5 have no common factor, so they define a curve E. Applying the snake lemma to the diagram
we see that F is an extension of C P by O E . From Serre duality we have
The group in the middle can be determined by applying Hom( , C P ) to the first row of the diagram above. We may write F = O E (P ).
Proof. We will show that O E is stable, forcing O E (P ) to be stable. To prove that O E is stable, we must show that it does not contain a stable subsheaf E having one of the following Hilbert polynomials: m, m + 1 (i.e. the structure sheaf of a line), 2m, 2m + 1 (i.e. the structure sheaf of a conic curve), 3m, 3m + 1. The structure sheaf of a line contains subsheaves having Hilbert polynomial m and the structure sheaf of a conic curve contains subsheaves having Hilbert polynomial 2m. Thus, it is enough to consider only the Hilbert polynomials m, 2m, 3m + 1, 3m. In the first case, we have a commutative diagram
, which is absurd. In the second case, we get a commutative diagram
To finish the discussion about sheaves at Theorem 1.1 (i), we need to examine the case when q 4 = uv 1 and q 5 = uv 2 with linearly independent v 1 , v 2 ∈ V * . Let H be the plane given by the equation u = 0 and L the line given by the equations v 1 = 0, v 2 = 0. We apply the snake lemma to the diagram
The kernel of the canonical map G → C P is an O H -module. This shows that F is not isomorphic to G, otherwise, in view of Remark 2.2, F would be planar. Thus O L (−1) → F is non-zero, hence it is injective. We get a non-split extension
and it becomes clear that P ∈ H and that G gives a point in M P 3 (3m + 1). From Remark 2.2 we see that G gives a point in M H (3m + 1). Thus, G is the unique non-split extension of C P by O C for a cubic curve C ⊂ H containing P . We write G = O C (P ). Let D ⊂ M P 3 (4m + 1) be the set of non-split extension sheaves as in (7) that are non-planar (we allow the possibility that L ⊂ H, in which case the support of F is contained in the double plane 2H). We examine first the case when L H, that is, L meets C with multiplicity 1, at a point P ′ . According to [8, Theorem 1.1] there is a resolution
where span{u 1 , u 2 , u} = span{l 1 , l 2 , l 3 } and C has equation
But γ(P ′ ) = 0 if and only if P ′ = P ∈ sing(C). From (4) we have the exact sequence
). The group on the right vanishes because O L (−1) has no zero-dimensional torsion. It follows that
Let D 0 ⊂ D be the open subset given by the conditions that L H and either P = P ′ or P = P ′ ∈ reg(C). The map
is injective and has irreducible image. We deduce that D 0 is irreducible and has dimension 16. Let D ′ ⊂ M P 3 (4m + 1) be the subset of non-split extensions (6) . Denote P = L ∩ C. From (4) we have the exact sequence
sending F to (L, C) is injective and has irreducible image. We deduce that D ′ is irreducible and has dimension 15. Tensoring (6) with O H we get the exact sequence 0 = T or
is open and non-empty in D
′ because it consists precisely of extensions as above for which P ∈ reg(C). 
shows that there is a unique non-split extension of C P by O D , which we denote by where G is an extension of C P by O C . Note that G is a non-split extension, otherwise O C would be a destabilizing quotient sheaf of F . Thus F is the unique non-split extension of O C (P ) by O L (−1), so it is also the unique non-split extension of O L by O C . Thus H 0 (F ) generates O C , hence O D is a subsheaf of O C , which is absurd.
such that H 0 (E) = 0 and E is a subsheaf of G is irreducible. By duality, this is equivalent to saying that the set
0 (E) = 0 and G is a subsheaf of E is irreducible. Given an exact sequence
we may combine the resolutions of sheaves on
We indicate by the index i the maximal minor of a matrix obtained by deleting column i. The condition H 0 (E) = 0 is equivalent to the condition ψ 11 = 0, which is equivalent to the following conditions: ϕ 1 = 0 and ϕ 1 divides ϕ 2 , ϕ 3 , ϕ 4 . As ϕ 1 divides both (q 1 u 2 − u 1 q 2 )v 1 and (q 1 u 2 − u 1 q 2 )v 2 , we see that ϕ 1 is a multiple of q 1 u 2 − u 1 q 2 . It follows that ϕ is equivalent to the matrix
Let U ⊂ Hom(O(−3) ⊕ 3O(−2), 3O(−1)) be the set of morphisms represented by matrices υ as above satisfying the following conditions: υ 1 = 0, u 1 and u 2 are linearly independent, v 1 and v 2 are linearly independent. Clearly, U is irreducible. Let υ ′ ∈ Hom(O(−3)⊕O(−2), 2O(−1)) be the morphism represented by the matrix
The above discussion shows that the map π :
The open subset S irr ⊂ S, given by the condition that the schematic support of G be irreducible, is irreducible.
Let D 1 ⊂ D be the locally closed subset given by the conditions L H and P = P ′ ∈ sing(C). Since dim Ext
, we see that dim D 1 = 14. The set of cubic curves in P 2 that are singular at a fixed point is irreducible. It follows that D 1 is irreducible, as well. 
Tensoring with O H we get the exact sequence 0 = T or
This short exact sequence does not split. Indeed, by [12] , F D is stable and has slope −1/4, hence O C (−P ), which has slope −1/3, cannot be a quotient sheaf of
we obtain the extension
Tensoring with O H , and taking into account the fact that T or
From (4) we have the exact sequence 
Consider the subset
) satisfying the following conditions: E and G are supported on a planar irreducible cubic curve C, H 0 (E) = 0, E is a subsheaf of G, and L∩C = {P ′ }, where C P ′ ≃ G/E. Note that the projection S ′′ → M P 3 (3m) × M P 3 (3m + 1) has fibers affine planes and has image the irreducible variety S irr from Remark 3.4. It follows that S ′′ is irreducible. To prove that D ′′ is irreducible, we will show that the morphism
is bijective. We first verify surjectivity. Given an extension E) be the image of G under ǫ. Since G does not split, neither does F . By hypothesis E has irreducible support, hence E is stable, and, a fortiori, F is stable. Applying the snake lemma to the diagram
where H is the plane containing C. Dualizing the first row of the above diagram we see that (
) we see that η is also injective.
We will next examine the sheaves in D for which L ⊂ H. From (5) we have the exact sequence
does not vanish precisely if C = L ∪ C ′ for a conic curve C ′ ⊂ H and for P ∈ C ′ . In this case we have a commutative diagram
If F is non-planar, then δ(F ) is generated by a global section. Indeed, in view of Proposition 2.3, F cannot have resolution (3), so it has resolution (1) or (2) . Also, F is not generated by a global section because O C (P ) is not generated by a global section. It follows that P F ′ (m) = 4m, where F ′ ⊂ F is the subsheaf generated by H 0 (F ). But F ′ maps to O C , hence δ(F ) ⊂ F ′ . These two sheaves have the same Hilbert polynomial, so they coincide. We conclude that δ(F ) is the structure sheaf
is an affine line that maps to a curve in M P 3 (4m + 1). The exact sequence
Indeed, if this vector space had dimension 1, then its image in M P 3 (4m + 1) would be a point. This, we saw above, is not the case.
Let D 2 ⊂ D be the closed subset given by the condition L ⊂ H. Equivalently, D 2 is given by the condition C = L∪C ′ and P ∈ C ′ for a conic curve C ′ . According to [5, Proposition 4.10] , the set D 2 is irreducible of dimension 14. Indeed, let (12) S ⊂ Hilb P 2 (m + 1) × M P 2 (3m + 1) be the locally closed subset of pairs (L, [O C (P )]) for which C = L ∪ C ′ and P ∈ C ′ , for a conic curve C ′ ⊂ P 2 . According to [5, Lemma 4.9] , S is irreducible. The canonical map D 2 → S is surjective and its fibers are irreducible of dimension 3.
The irreducible components
be the subset of pairs of morphisms equivalent to pairs (ψ, ϕ) occurring in resolutions (1) and (2). We claim that W 0 is locally closed. To see this, consider first the locally closed subset W given by the following conditions: ψ is injective, ϕ is generically surjective, ϕ • ψ = 0. We have the universal sequence
Denote F = Coker(Φ). Corresponding to the polynomial P (m) = 4m + 1 we have the locally closed subset
constructed when we flatten F , see [9, Theorem 2.1.5]. Now W 0 ⊂ W P is the subset given by the condition that F x be semi-stable, which is an open condition, because F |WP ×P 3 is flat over W P . We endow W 0 with the induced reduced structure. Consider the map
On W 0 we have the canonical action of the linear algebraic group
where C * is identified with the subgroup {(t · id, t · id, t · id), t ∈ C * }. It is easy to check that the fibers of ρ 0 are precisely the G 0 -orbits. Let
be the locally closed subset of pairs of morphisms equivalent to pairs (ψ, ϕ) occurring in resolution (3) and let
be the set of pairs given at [5, Theorem 6.1(iii)]. The groups G 1 , G 2 are defined by analogy with the definition of G 0 . As before, for i = 1, 2, the fibers of the canonical quotient map ρ i : W i → M i are precisely the G i -orbits. 
Since σ factors through the complement of H, we deduce that σ factors through H 1 . By an abuse of notation we denote the corestriction by σ : W ell → H 1 . 
, is the limit of sheaves in E reg . The same argument applies to O E (P ) for P belonging to exactly one of the components of E. A fortiori, O E (P ) lies in the Zariski closure of E reg for all P ∈ E. We conclude that E \ D ⊂ E 0 .
Let D be the union of a line L and a planar irreducible cubic curve C, where L and C meet precisely at a regular point of C. Take Recall from Proposition 3.5 that
The inclusion E \ P ⊂ E ∪ D ′ follows from Theorem 1.1 and Proposition 2.3. Indeed, E is closed in M 0 . The reverse inclusion was proved above. Finally,
The reverse inclusion is obvious because by definition R is disjoint from E, D ′ , P.
From Proposition 4.2 we obtain the decomposition of M P 3 (4m + 1) into irreducible components.
Theorem 4.3. The moduli space M P 3 (4m + 1) consists of three irreducible components R, E and P.
The intersections R ∩ P, E ∩ P, R ∩ E were described generically in [5] . They are irreducible and have dimension 14, 16, respectively, 15. The generic member of R ∩ P has the form [O C (P 1 + P 2 + P 3 )], where C is a planar quartic curve and P 1 , P 2 , P 3 are three distinct nodes. The generic point in E ∩ P has the form [O C (P 1 + P 2 + P )], where C is a planar quartic curve, P 1 and P 2 are distinct nodes and P is a third point on C. The generic sheaves in R ∩ E have the form O E (P ), where E is a singular (2, 2)-curve on a smooth quadric surface and P ∈ sing(E).
